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We study the propagation of plasmon polaritons in one-dimensional chirped metal-dielectric layered
structures. We find an optical Wannier–Stark ladder in the mode spectrum and analyze Bloch
oscillations associated with the coupling of surface plasmons localized at the metal-dielectric
interfaces. For long structures, we find that the energy flow may dramatically change its direction,
thus providing possibilities for the beam steering in the transmission band. © 2009 American
Institute of Physics. 关DOI: 10.1063/1.3119666兴
Recent technological advances opened up many opportunities for nanofabrication allowing one to study the fundamental effects earlier predicted only theoretically. As an example, electronic Bloch oscillations predicted in 1928 共Ref.
1兲 were observed almost 50 years later,2 when semiconductor
superlattices with nanometer-scale thick layers were manufactured. Nowadays, one of the most intriguing directions of
research is associated with plasmon-polariton excitations and
light manipulation at nanoscales3,4 in various metal-dielectric
structures, including multilayered periodic metal film stacks.
Periodic metal-dielectric stacks have been studied in a
number of papers.5–7 The studies of the transmission
properties6,7 revealed that such structures may exhibit resonant transmission due to plasmon tunneling through the
structure. This effect by itself is quite remarkable, since every second layer in the structure is made of metal, i.e., it is
opaque. It was suggested that these structures can be used as
spatial filters.7
Optical Bloch oscillations in periodic dielectric structures represent an analog of the electronic Bloch oscillations
in crystals. Such oscillations were observed in different dielectric structures,8–11 and they were also predicted to occur
in metal-dielectric structures12,13 where it was shown that the
structures with spatially modulated refractive index of dielectric layers can exhibit optical Bloch oscillations.12 More
complex heterostructures containing coupled dielectric cavities sandwiched between the metal-dielectric waveguides
were also shown to exhibit Bloch oscillations,13 somewhat
similar to those observed in dielectric superlattices.11
In this letter we study the beam propagation in structures
with linearly varying 共chirped兲 thickness of the dielectric
layers and uniform thickness of metallic layers. We predict
the possibility of plasmonic Bloch oscillations arising due to
the excitation and coupling of plasmon polaritons. We show
that the energy flow can change its direction within one period of oscillations, leading to the beam curling similar to
that predicted for layered structures with left-handed
metamaterials.14 Such flexibility of beam control can open
up opportunities of the light manipulation on nanoscales.
We start our analysis by studying periodic onedimensional stack consisting of thin metal layers of the width
h separated by layers of conventional dielectric of the width
l, so that the period of the structure is defined as ⌳ = h + l. The
a兲
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refractive index in one unit-cell of the structure is written as
n2共x兲 =

再

2
nm
= m ⬍ 0 x 苸 共0,h兲,

n2d = d ⬎ 0 x 苸 共h,⌳兲,

冎
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where nm and nd are the refractive indices of metal and dielectric, respectively.
We consider the propagation of TM-polarized monochromatic waves with the magnetic field vector H
= 共0 , Hy , 0兲, where Hy共x , z兲 satisfies the Helmholtz equation,
⌬Hy共x,z兲 + n2共x兲Hy共x,z兲 −

1 d共x兲  Hy共x,z兲
= 0,
x
 dx

共2兲

⌬ is the two-dimensional Laplacian, and the spatial coordinates are normalized to  / 2, where  is a wavelength in
vacuum.
For a periodic structure, we apply the Floquet theorem15
and express the magnetic field as a superposition of forward
and backward Bloch waves, Hy共x , z兲 = 关U+共x兲exp共−jKBx兲
+ U−共x兲exp共jKBx兲兴exp共ik pz兲, where the envelopes U⫾ are periodic, U⫾共x + ⌳兲 = U⫾共x兲, and KB is the Bloch wave number
satisfying the dispersion relation7,15
2 cos共KB⌳兲 = 2 cosh共mh兲cosh共dl兲
− 共␣ + ␣−1兲sinh共mh兲sinh共dl兲.

共3兲

Here ␣ = md / dm, m,d = ⫿ 冑k2p − m,d, and k p is the plasmon propagation constant normalized to 2 / .
Imaginary solutions for KB correspond to the waves decaying exponentially across the structure due to the presence
of photonic bandgaps for corresponding range of k p. Based
on Eq. 共3兲, we investigate the bandgap properties of the
structure with fixed metal film thickness as a function of the
dielectric layer width. We consider metal layers with permittivity m = −0.85 and thickness h = 0.5 共i.e.,  / 4兲 separated
by vacuum, d = 1. As an example, we assume Ag films with
m = −0.85 for the wavelength around 400 nm, and corresponding film thickness h ⬃ 30 nm. For simplicity we do not
take into account the losses in metals. A corresponding bandgap diagram is shown in Fig. 1 on the parameter plane 共l , k p兲.
Figure 1 共right兲 shows transmission bands due to
plasmon-polariton tunneling for k p ⬎ d, where the waves are
evanescent in both dielectric and metal. For smaller wave
numbers, when k p ⱕ d, plasmon modes do not exist and the
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FIG. 1. 共Color online兲 Right: Bandgap diagram for a one-dimensional structure consisting of metal films 共m = −0.85, h = 0.5兲 separated by vacuum.
Black areas correspond to gaps, while white areas indicate bands. The inset
shows a schematic of the chirped structure where shaded regions correspond
to metallic layers with fixed thickness. Left: Spectra of eigenmodes for the
chirped structure corresponding to the plasmonic Bloch oscillations 共upper
part of the spectra兲, and to the beam curling 共lower part兲.

waves can propagate in dielectric layers. However, due to
tunneling through thin metal layers, several transmission
bands are formed in this regime too.
Now we introduce a linear chirp into the structure by
changing the thickness of dielectric layers, lN = l0 + N␦l,
where N is unit cell number, and ␦l is thickness gradient 共see
inset in Fig. 1兲. To study short structures with relatively
small number of layers and large thickness gradient, we use
the previously developed approach.16 In brief, we find eigenmodes of the structure by discretizing Eq. 共2兲 and solve an
eigenvalue problem of the emerging matrix. We analyze the
spectrum of eigenvalues k p and find the regions where the
wave numbers are equidistantly spaced. The equidistant eigenvalues k p correspond to a spatial optical equivalent of
the Wannier–Stark ladder associated with the Bloch
oscillations.8
We analyze the structure with 40 unit cells with thickness of dielectric layers changing from l = 0.2 to l = 1.6 so that
the structure covers the transmission band including the adjacent gap layers 关see Fig. 1 共right兲兴. For this structure we
find an equidistant set of the propagation constants k p centered at k p0 ⬃ 7, as shown in Fig. 1 共left兲. Exciting the corresponding modes by a Gaussian beam, we observe spatial
beam oscillations shown in Fig. 2. We note that in our case
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FIG. 3. 共Color online兲 Trajectories of paraxial beams in the transmission
band for different values of the propagation constants: 共a兲 k0p = 1.7, 共b兲 k0p
= 2.3, and 共c兲 k0p = 2.5.

of lossless materials, the beam completely reconstructs its
shape after each period of oscillations. The plasmon field is
highly confined to the metal interfaces, demonstrating that
such Bloch oscillations appear solely due to the coupling
between surface plasmons excited at different interfaces. The
distance between the Wannier–Stark eigenstates ⌬k p defines
the period of oscillations, Lz = 2 / ⌬k p. For this particular
case, we find Lz = 10.5, and this value agrees with Fig. 2.
Next we analyze long structures with a large number of
layers. For adiabatically slow changing thickness of dielectric layers, ␦l → 0, we use the geometric optics approximation and describe the evolution of paraxial beams. We introduce the ray trajectories along the averaged Poynting vector
across the unit cell14

冉 冊

 kp
具Sz典
=−
具Sx典
 KB

−1

1
⬅− ,


共4兲

where 具Sz,x典 are the z , x components of the averaged Poynting
vector, respectively;  is the spatial velocity of the ray,
具·典 = ⌳−1兰⌳共·兲dx, which denotes averaging over the unit cell.
According to this equation, if k p / KB changes its sign
in the transmission band, the power flux 具Sz典 changes its
direction,14 thus the beam injected into the structure may
curl. This regime can be realized for the propagation constants k0p close to the point where KB / ky = 0. We find that
this condition is satisfied at the boundary of transmission
band near the point 共a兲 in Fig. 1 共right兲.
Based on Eq. 共4兲 we derive the ray motion equation

 kp
dl
= ⫿
,
dz
 KB

z

共5兲

that we employ to calculate the ray trajectories launched near
the left edge of the structure for different k p. For k p = 1.7 we
observe the beam curling near left band boundary, as shown
20
in Fig. 3共a兲. Further increase of the propagation constant
leads to an increase of the curl size, and decrease of the
spatial oscillation period 关see Fig. 3共b兲兴. Finally, at k0p ⯝ 2.5
the curl reaches the other transmission band edge forming
10
practically closed trajectory with vanishing period of oscillations 关see Fig. 3共c兲兴. Note that near the left edge, the energy
flow in the z-direction is negative but remains positive near
the right band edge. Further increasing the wave number
0
2
4
6
8
10
x
results in the opposite process with the curl forming near the
right band edge.
FIG. 2. 共Color online兲 Evolution of the magnetic field amplitude demonFinally, we reconstruct the field distribution in the restrating plasmonic Bloch oscillations in the structure with 40 unit cells.
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FIG. 4. 共Color online兲 Evolution of the magnetic field demonstrating the
beam curling for a Gaussian beam launched at right band boundary 共shown
by an arrow兲 with its spectrum centered at k p = 2.3.

discretization of the wave equation is computationally intensive, and it is not suitable for the present problem since the
structure contains a larger number of layers. Therefore, we
implement another approach based on the Bloch wave
formalism.14 For the slowly varying period of the structure
共i.e., ␦l Ⰶ l兲 the field can be presented as a superposition of
the forward- and backward-propagating Bloch waves with
slowly varying amplitudes, A⌳ and B⌳.
We assume that the structure with a linearly varying dielectric layer thickness is placed between two semi-infinite
periodic structures, with the period coinciding with that of
the adjacent layers of the structure. In the left semi-infinite
structure, the fields decay exponentially, and we choose the
amplitudes in the first layer as A⌳l = 1 and B⌳l = 0. In the right
semi-infinite structure the forward wave vanishes, and this
means that A⌳r = 0 and B⌳r = 1. We calculate the amplitudes in
the adjacent unit cells using the boundary conditions. Repeating this procedure, we find the amplitudes in the whole
structure. Using this method, we find the spectrum of eigenvalues k p and corresponding eigenmodes of the structure.
Then, the initial field distribution is represented as a superposition of the eigenmodes, and the complete field structure
can be retrieved.
As an example, we calculate the eigenmodes for the
structure consisting of 2500 unit cells with the width of
vacuum layers changing linearly from the value ll ⯝ 0.4 to
the value lr ⯝ 1.2, and ␦l ⯝ 2.8⫻ 10−4. We note that for the
wavelength  = 400 nm, average unit cell size is 具⌳典
⯝ 80 nm and the structure width is about 200 m. We assume that a Gaussian beam is launched near the right band
boundary of the structure 共see Fig. 4兲. The width of the beam
is a = 1.3, i.e., about 20 unit cells are exited, with the spectrum centered near k0p = 2.33. We decompose the initial field
distribution into the superposition of eigenmodes of the

structure by using the least-squares method. The spectrum of
the excited eigenmodes is shown in Fig. 1 共left兲. The spectrum is close to equidistant with spacing of ␦k p, and accordingly the field restores its shape after the distance Lz
= 2 / ␦k p. We plot the magnetic field amplitude averaged
over the unit cell. The beam curling predicted in the framework of the geometric optics is clearly observed in the numerical simulations. At the beam self-crossing point, we observe an interference pattern created by the forward- and
backward-propagating waves. The field distribution is restored almost completely after the first period of oscillations.
Our simulations are in good agreement with geometric optics
approximation 关see Fig. 3共b兲兴.
In conclusion, we have studied plasmonic Bloch oscillations in chirped metal-dielectric layered structures with a linearly varying thickness. We have described a type of Bloch
oscillation and revealed the effect of the beam curling due to
the backward energy flow. We expect that the predicted phenomena can be observed in the end-fire coupling geometry
with the multilayer metal-dielectric structures, when the
beam launched at a particular angle will reappear from the
same facet of the structure with some offset.
The work has been supported by the Australian Research
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